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A recurring challenge in quantum science and technology is the precise control of their underlying
dynamics that lead to the desired quantum operations, often described by a set of quantum gates.
These gates can be subject to application-specific errors, leading to a dependence of their controls on
the chosen circuit, the quality measure and the gate-set itself. A natural solution would be to apply
quantum optimal control in an application-oriented fashion. In turn, this requires the definition of a
meaningful measure of the contextual gate-set performance. Therefore, we explore and compare the
applicability of quantum process tomography, linear inversion gate-set tomography, randomized
linear gate-set tomography, and randomized benchmarking as measures for closed-loop quantum
optimal control experiments, using a macroscopic ensemble of nitrogen-vacancy centers in diamond
as a test-bed. Our work demonstrates the relative trade-offs between those measures and how to
significantly enhance the gate-set performance, leading to an improvement across all investigated

methods.

Be it quantum computing, information, communication or metrology,
precise control over a quantum system is a prerequisite for any successful
application. To ensure robust results and the ability to run long quantum
circuits, a great effort is spent by, e.g., IBM and Google on a periodic re-
calibration of their quantum chips'™®. To this end a plethora of error cor-
rection and error suppression schemes are developed to achieve fault tol-
erant quantum computing’~'*. Another example is quantum sensing, where
the measured signals can be biased by quantum error correction"” or dis-
torted by faulty gates that are not accounted for'.

In general, the precision of the system often suffers under, e.g,, erro-
neous operations, wrongly populated states or limited knowledge of the
system. Moreover, these errors must not necessarily accumulate linearly'*™,
leading to a dependence of the optimal controls for specific operations on
the chosen circuit and the corresponding point of time within the selected
circuit™. Thus, the quality of an operation has to be viewed within the
context of its application, rather than looking at isolated individual gates; the
focus should be shifted to their performance with respect to the chosen
circuit and the entire gate-set. The ideal scenario would be to find a set of
gates that performs universally well, regardless of the planned experiment.
Since such a gate-set will heavily depend on the chosen experimental system,

Quantum Optimal Control (QOC)"** is well suited to tackle this complex
problem.

Several optimization algorithms* ' are available in dedicated software
packages such as our Quantum Optimal Control Suite (QuOCS)* that
allows for closed-loop black-box optimization employing the dCRAB
algorithm™?” via an interface to the lab software Qudi®. Such closed-loop
optimizations based on measurements on the quantum system have been
employed for gate optimization in superconducting qubits via randomized
benchmarking™*, to optimize the preparation and phase transitions of
Bose-Einstein condensates™”, enhance the macroscopic hyperpolarization
in pentacene-doped naphthalene crystals™ and for autonomous calibration
of single-qubit gates as well as robust magnetometry of nitrogen-vacancy
(N-V) centers in diamond™*’. For N-V centers in general, QOC has become
a valuable tool for a wide range of challenges'**"*'~*.

Room-temperature accessibility and control of their electronic spin
state makes N-V centers ideal sensors for magnetic and electric fields ™.
Ensembles of N-V centers have particularly become a focus of attention, as
these allow to drastically improve the sensitivity™, create spatially resolved
images of; e.g., local magnetic fields” > and can even be used to create new
phases of matter®". Due to their macroscopic size, many individual
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Fig. 1 | Ensemble dynamics and FoM validity measurements. a Rabi experiment
with the N-V center ensemble, showing a strong beating due to the different Rabi
oscillations of all individually contributing N-V centers. The green areas highlight
the time dependence of the Rabi frequency and the black background oscillation
visualizes the corresponding shift. b Linear sweep of the guess pulse amplitude for
QPT, (c) LGST and G, (d) RLGST and (e) ORBIT. The ordinate shows the absolute
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value of the mean FoM from 20 measurements and the uncertainty. The minimum
of the corresponding FoM is indicated by a gray line. f Comparison of the FoM
definitions for the guess (red) and reference pulse (blue), normalized by FoMgyess-
Each data point shows the mean value of 20 measurements with the corresponding
standard deviation.

N-V centers contribute to the measurement, which ensures a very fast signal
acquisition but can also result in strong detuning and large amplitude errors.
These errors can negatively influence gate performances especially at
different time-scales, as can be seen in Fig. 1a. The observed beating arises
from the mixture of varying Rabi oscillation frequencies contributing to the
measured signal. A macroscopic ensemble of N-V centers thus combines the
effects of circuit- and length-dependent errors, large state preparation and
measurement (SPAM) errors, a non-Markovian noise environment, and a
high sensitivity to possible experimental drifts and distortions of the control
pulses, making it an ideal test-bed to investigate the applicability of QOC for
these kinds of inhomogeneous error mechanisms.

In order to find a universally well performing gate-set, a good measure
is required, that reflects the quality of operations on the system in a holistic
framework, being sensitive to the system dynamics on different time-scales
and reliably accessible via measurements. To this end, we derive several
measures of our gate-sets performance based on classical Quantum Process
Tomography (QPT)*”**, Linear-inversion Gate-Set Tomography
(LGST)*** and Randomized Linear Gate-Set Tomography (RLGST)? as
well as Optimized Randomized Benchmarking for Immediate Tune-up
(ORBIT)”. We experimentally asses their applicability for closed-loop
optimizations in our test-bed and investigate how they reflect the system
dynamics. We proceed by performing several optimization runs per method
and cross-evaluate the performance of the optimized gate-set against all
other methods as well as by Randomized Benchmarking (RB)*. Large
improvements of the gate-set are observed in almost all optimization sce-
narios, significantly outperforming the provided guess and even out-
performing the commonly used fastest possible rectangular shaped pulse.
Moreover, we investigate how the chosen circuit length influences our
obtained results for selected methods. Finally, we discuss the relative trade-
offs of the individual methods applied on these types of systems and show
how to best enhance the performance of the selected gate-set to find a
universally well performing set.

Results
The experiments are performed with a CVD-grown diamond with a natural
abundance (1.1%) of C nuclei and a 10 um thick layer of N-V centers. The

layer contains an N-V concentration of roughly 1.5 ppm and is excited by a
532 nm laser with a beam waist of =38 pm. We apply a static magnetic field
of 572 G to polarize the inherent nitrogen spin” and to create an effective
qubit between the |0) and | — 1) states. Gates are generated by microwave
pulses sent through a straight microwave antenna made out of gold and
placed on top of the diamond.

The figures of merit
We choose the gate-set

g = {G07 Gla G27 G37 G47 GS? Gé}

1
= {HNXT[/Z?_Xﬂ/27yn/27_yn/27‘/¥n’yn} ( )

for our experiments. Here, 1 is the identity and X and ) are the rotations
around the x- and y- axis, where the rotation angle is given by the index. The
gate-set is chosen such that we can generate the full Clifford group’* needed
for RB and ORBIT. We limit our optimizations to G, = —&X', , to analyze
how the change of an individual pulse affects the performance of our gate-set
Eq. (1) and to ensure that the optimization converges quickly. All other gates
are kept constant throughout all experiments, corresponding to rectangular
pulses at maximum amplitude, whose pulse length is determined by a Rabi
experiment. Except for QPT, all methods evaluate the performance of the
entire gate-set, leading to the exact same measurements as if we would
optimize all gates at once. Thus we do not expect a loss of generality of our
results by limiting ourselves to one optimized gate. The initial state is set to
[p)) = |0)) and the POVM to |E)) = |0)) for all of our experiments. Note
that operators and states are given in Hilbert-Schmidt space to benefit from
a simplified syntax (see supplementary information).

The performance of the gate-set is evaluated through measures based
on QPT?***, LGST**, RLGST” and ORBIT”. Additionally, we consider
an adaption of LGST where we only take the targeted expectation values into
account and label it G. The information extracted from these schemes is
condensed down to a single real-valued number, called the Figure of Merit
(FoM). The derivation and exact formula of the FoMs for each scheme can
be found in the Methods “Definitions of the Figures of Merit”. Note that the
FoM is minimized in all experiments.
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Different types of errors can be present in the system. Incoherent
errors, as, e.g., bit-flip errors’’, are stochastic errors that do not preserve the
purity of the state’”’. They often arise from the interaction with the envir-
onment or noise on the control fields, leading, e.g., to non-unitary processes.
Incoherent noise effects scale linearly with the circuit size”™”. Coherent
errors, on the other hand, arise from, e.g., deterministic interactions of the
system with surrounding spins and constant electromagnetic fields or
imperfections due to miscalibrations of the control field”. In contrast to
incoherent errors, they scale quadratically with the circuit size”°. Fur-
thermore, the system can be subject to errors classified as Markovian and
non-Markovian’®, which can be contained in both, coherent and incoherent
effects”. Errors which exhibit temporal correlations and memory effects are
referred to as non-Markovian errors, while Markovian errors are given by
irreversible, memory-less errors, e.g., white noise.

Not all of our FoMs are susceptible to these error sources in the same
way. QPT, G and LGST, as employed here, will show a much stronger
change of their corresponding FoM due to coherent errors in the form of
over- and under-rotations than the other methods (see supplementary
information). Due to their short circuit length, the correction of incoherent
errors, as present in our system, like e.g., dephasing, will only lead to a slight
change of their respective FoM. For RB on the other hand, the twirling
condition” makes the method less sensitive to the full extend of coherent
errors’****" and will thus weigh them differently. While ORBIT is based on
RB, the method, and thus our FoM, directly measures the survival prob-
ability at a given circuit length. ORBIT does not perform a full-fledged RB
experiment and therefore, a change of the coefficients that absorb SPAM
errors or affect the final Clifford gate”* can also lead to a change in our
FoM. Despite the method, as employed in our studies, being mainly sensitive
to incoherent errors, due to large circuit lengths, the FoM for ORBIT is still
capable of detecting coherent errors. While RLGST is also based on ran-
domized circuits, the method provides estimates of the gate-set, which is
used to calculate our FoM. These estimates are only valid within the
approximation of a linear-noise regime” and thus may suffer under large
coherent errors. Due to the (potentially) significantly longer circuits, the
method will be more sensitive to incoherent errors than the other methods
with short circuit lengths. Like for LGST, incoherent errors can lead to a
non-physical representation of the estimated gates. However, this must not
be a problem for our application, as long as the FoM deteriorates for worse
gates. In the case of RB and ORBIT, incoherent errors simply contribute to
the observed exponential decay and they are also covered by the description
of a process matrix in QPT.

Non-Markovian errors on the other hand will affect all FoMs. They can
lead, for example, to a non-exponential decay in RB* and will negatively
influence LGST*. Not only will coupling to surrounding nuclear spins lead
to potentially non-Markovian errors during our measurements, but as we
sum up the fluorescence signal of all N-V centers within our ensemble,
specific sequences can exhibit strong temporal correlations, such as, e.g.,
seen by the beating of the Rabi oscillations in Fig. 1a. In our case, these errors
arise from over- and under-rotations of the corresponding N-V centers
attributed to the difference in driving field amplitude due to their varying
distance to the microwave antenna, as well as their detunings due to the
inhomogeneity of the external magnetic field. Thus, while some of our FoMs
are by definition more sensitive to incoherent errors, due to their increased
circuit length, these errors originate to a large degree from coherent
dynamics, which if corrected, also lead to an improvement of the other
FoMs. An effect that we more thoroughly analyze in “Optimizations with
varying circuit length”.

As QPT is unable to account for SPAM errors, all of the above men-
tioned errors can negatively influence the corresponding FoM even if they
do not only act on the target gate.

During the closed-loop QOC experiments, QuUOCS varies the S, and S,
components of the microwave pulse amplitudes. To check the feasibility of
our FoM definition, we sweep the pulse amplitude by varying the applied
microwave voltage at a constant length T'=30ns for a rectangular pulse,
effectively creating a gate G, that either under- or over-rotates the spin

instead of performing a —X/, operation. We select a circuit length of
Lg =18 for RLGST, which corresponds to a circuit length of Lo = 10 Clif-
fords for ORBIT. We average over 300 circuits to satisfy the twirling con-
dition of RB and use the same number in RLGST and ORBIT for
consistency, while ensuring that the number of circuits is significantly larger
than the number of parameters to be estimated in RLGST". The effect of this
variation on the FoMs is shown in Fig. 1b-e. All curves show a distinct
minimum from which the FoM increases upon deviation from the ideal
voltage within the context of the individual technique. The obtained results
again highlight the problem of circuit- and length-dependence of the
optimal control parameters of our system, as we observe different minima,
i.e., a different best amplitude, for all methods. This effect can be attributed
to the previous discussion of coherent and incoherent errors and their
influence on our FoMs.

Next, we investigate how a change in the pulse duration affects our
FoMs. A short pulse with large amplitude is expected to outperform a long
pulse with small amplitude because of its increased robustness against
detuning errors as well as a smaller decoherence due to the shorter duration.
In Fig. 1f the FoM of a 30 ns long rectangular pulse, which we from now on
label as the “guess” pulse since it will be later handed to QuOCS as the guess
at the start of our closed-loop QOC experiments, and the FoM of the
shortest possible rectangular pulse of ~14 ns, labeled as “reference” pulse, are
shown. In both cases, the amplitude is determined through a Rabi experi-
ment to match the selected pulse length. The shortest pulse is constrained by
the maximal voltage that can be generated. Except for LGST, all methods
show the expected behavior, that the short reference pulse achieves a sig-
nificantly lower FoM than the guess pulse. While G shows a smaller dif-
ference when compared with QPT, RLGST and ORBIT, the observed
difference is well above the margin of error. LGST indicates that the refer-
ence pulse performs slightly worse than the guess pulse and it appears that
the method cannot be used for our macroscopic ensemble as it does not
capture the expected dynamics of our effective spin correctly. Therefore, we
drop LGST as a measure for the cross-comparison of the optimized gate-sets
between the different methods but still explore how it competes as a FoM for
closed-loop optimizations.

Optimization gain

‘When comparing different analysis methods with each other, it is important
to not only consider the absolute change in their FoM but to compare the
relative change between two fixed reference points in order to correctly
interpret the measurement results. Therefore, we introduce the so-called gain

FoM,,; — FoM, @

FoM,.; — FoM

Gain =
guess

which displays the achieved improvement of the FoM, in relation to the
FoM of the reference and guess pulse. If the gain exceeds 1, it outperforms
the rectangular reference pulse with maximum amplitude and if it falls
below 0, the analyzed pulse performs worse than the provided guess pulse.
The gain is a valuable quantity to ensure a fair comparison between the
different analysis methods, regardless of their absolute value at any given
point. If the absolute value of the FoM would change over several days due to
thermal shifts or mechanical disturbances, the calculated gain remains
constant.

Optimization workflow
The pulse shape of the microwave pulses

Q(t) = a,(t) cos(wt) + a,(t) sin(wt) 3)

can be expressed by the time-dependent amplitudes a,(t) and a,(t), which
represent the S, and S, (x- and y- spin operator) component of the
corresponding gate. During our closed-loop QOC experiments we vary
those time-dependent amplitudes according to the dCRAB
algorithm®"***"* (see Methods “dCRAB Algorithm and Settings”).
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Figure 2 describes the workflow of such a closed-loop optimization.
First, we select an analysis method, e.g., RLGST, which defines how the
measurement sequence looks like and how the FoM is calculated. At the
start of the optimization QuOCS™ hands Qudi the initial guess pulse.
The pulse is incorporated in the measurement sequence constructed by
Qudi”, our experimental control and data processing software. The full
measurement sequence is uploaded via Qudi to the arbitrary waveform
generator (Keysight M8195A) which generates the analog waveform
and all required digital trigger signals. The analog waveform signal is
sent through a 30 W amplifier (AR-30S1G6) at 80% gain and then
through a straight gold microwave structure on the diamond’s surface.
The N-V centers are initialized and read out via a 532 nm green laser
(Novanta Photonics gem 532) and their red fluorescence light is

1
1 1

Fig. 2 | Workflow of the closed-loop QOC experiments. First, we select the analysis
method, e.g., RLGST. Qudi then constructs the measurement sequence using the
optimized pulse shape provided by QuOCS. The sequence is uploaded to the AWG
to create the microwave signals. Finally, a green laser pulse is used to read out the N-
V centers and the red fluorescence light is collected to calculate the corresponding
FoM. The FoM is send to QuOCS which in return computes a new pulse shape and
the cycle repeats.

Fig. 3 | Cross-comparison of the closed-loop QOC experiments. a The x-axis

shows the method selected to calculate the FoM during an optimization. We perform
five optimization runs per method, represented by five bars, whose color denotes the
optimization method. Their height corresponds to the achieved gain for the chosen
evaluation method displayed in the y-axis and is is the average of 20 individual

measurements. b Average gain of the five optimizations per method together with
the standard deviation. The abscissa corresponds to the method selected for the FoM

collected by a silicon photo-multiplier (Ketek PE3315-WB-TIA-SP).
We use a digitizer (Spectrum Instrumentation M4i.4420-x8) to record
the fluorescence signal which in turn is analyzed and evaluated by
Qudi to obtain the N-V centers’ spin state population. Once finished,
Qudi calculates the FoM according to the selected analysis method,
while treating the N-V ensemble as one effective qubit. The FoM is
handed to QuOCS which in turn calculates a new pulse shape and the
whole cycle repeats.

Following the closed-loop QOC experiment, the optimized pulse is
benchmarked via all evaluation methods as well as a complete RB
experiment.

Cross-comparison

Each optimization setting is repeated five times to investigate the
stability and reproducibility of the optimization. The cross-evaluation
of each experiment is shown in Fig. 3a displays an overview of all
obtained gain values after optimization. Each column represents the
method used for the FoM calculation during the closed-loop QOC
experiment, each row represents the evaluation method and the height
of the bars corresponds to the achieved gain, Eq. (2). For the evaluation
with randomized benchmarking we use the extracted average error
rate®’”” instead of a FoM to calculate the corresponding gain. For a
better comparison, we also show the average gain over all five opti-
mizations for each method with the corresponding standard deviation
in Fig. 3b. In Fig. 3c we show the gains of the pulse that performs best
upon evaluation with its own optimization method for each of the
five runs.

Optimization with QPT

For QPT, we observe a homogeneous gain progression across the whole
column, i.e., for all evaluation methods. Evaluated with QPT, the achieved
gain is on the same level as when evaluated by RLGST and RB. The first
optimization run did not find a very good solution, which can happen
because of the limited settings for the optimizer and can safely be marked as
an outlier. Note, however, that this outlier leads to a large variance of the
average values in Fig. 3b.

Optimization with G

Optimizing the pulse shape with G leads to an outstanding improvement of
the optimized pulse over the reference pulse when being evaluated with G
itself, resulting in an average gain of 1.34 and the highest achieved value of all
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o
@
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calculation during the optimization and the ordinate to the chosen evaluation
method to calculate the gain. The color-scale indicated the achieved average gain.
¢ The best performing pulse, when evaluated by its optimization method, is re-
measured for all other evaluation methods. The error corresponds to the uncertainty
of 20 measurements and the color-scale corresponds to the gain of the best per-
forming pulse.
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measurements of 1.63. However, the large improvement in the gain com-
pared to the reference pulse is not retained for the other evaluation methods.
We obtain low performances for QPT and RLGST but high gain values if
evaluated with ORBIT and RB.

Despite their similarities, a large improvement in ORBIT must not
translate to a large improvement in RLGST and vice versa, as they, e.g,
weight coherent errors differently. The evaluation with RLGST, while still
showing an improvement, displays the lowest overall achieved gain for all
optimization methods. The same applies to the evaluation with QPT
together with the LGST-optimized pulses.

A possible explanation is that G, ORBIT and RB do not provide esti-
mates of the gates, while RLGST and QPT do. G can find a compromise
between the contributions of the expectation values to its FoM that better fits
the pulse in the basis given by the rest of the gate-set while shifting the focus
away from the action of G, itself. Eq. (5) for QPT is just a subset of the full set
of expectation values measured in Eq. (7) for G. Depending on the mea-
surement of all other expectation values, this specific set of expectations
values of QPT is not necessarily maximized when the gate is optimized via G.
Furthermore, while the expectation values of G are gauge invariant, QPT is
not. RLGST, as employed here in our system, does not have to be gauge
invariant®. A slight adjustment of the gauge, e.g., shifts of the rotation axes,
can thus worsen the FoM of QPT and RLGST while improving the one of G.

Optimization with LGST

Next, we analyze the optimizations with LGST via FoMgsr defined by
Eq. (9). As expected, we observe the lowest gain for all evaluation methods
across all optimization methods. Still, we always observe a positive gain, i.e.,
QuOCS is able to improve the gate-set’s performance by varying the pulse
shape of G,. A major problem for optimization with LGST is that it is not
able to differentiate between the reference and guess pulse as shown in Fig. 1f
and might therefore also misinterpret good QOC pulses. Additionally, small
variations in the pulse shape and measurement errors can lead to an
enormous change of the FoM due to the calculation of the estimates via the
Gram matrix in Eq. (8). The inversion of a matrix filled with measured, and
therefore noisy, values as well as constantly changing entries due to the
variations during the dCRAB search, is propagating and amplifying small
changes through the whole derivation*’. This results in a strongly fluctuating
FoM during the optimization (see supplementary information). QuOCS
can deal with such experimental downsides but it still influences the search
for an optimal solution negatively.

Optimization with RLGST

Optimizing the pulse shape via RLGST shows a large average gain for all
methods. The average value of 0.75 in Fig. 3b and the highest value with 1.13
in Fig. 3¢ when being evaluated with QPT even exceeds the QPT optimi-
zation itself. Despite operating at a different time-scale connected to the
circuit length, RLGST is thus able to capture errors influencing the indivi-
dual gate performance measured by QPT. The short circuit length of QPT
suggests that those errors are coherent errors that accumulate with
increasing circuit length, enabling a more precise optimization via RLGST.
Moreover, we are able to find an optimized gate-set that reaches gains
exceeding a value of 1 for almost all evaluation methods, as shown by Fig. 3c.
The optimized pulse shape is thus capable of combating coherent and
incoherent errors, which is further seen by the high gains when evaluated
with ORBIT and G.

However, the optimization with RLGST also shows a large variance in
the obtained gain when evaluated with QPT and G. While the method can
capture the errors that dominate at short circuit lengths, not every single
RLGST-optimized pulse will necessarily perform equally well or better than
one being optimized with the corresponding FoM directly.

Optimization with ORBIT

For the optimization with ORBIT we observe a similar effect, showing a
large improvement across all evaluation methods. If we take the average over
all evaluation methods, ORBIT provides the best performance.
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Fig. 4 | Dependence of the FoMs on the circuit length. Linear sweep of the guess
pulse amplitude for different circuit lengths L for (a) RLGST and (b) ORBIT. The
y-axis denotes the achieved FoM. Each data point represents the mean value of 20
measurements with the corresponding uncertainty and the chosen circuit length is
visualized by the different colors.

For RLGST and G we observe large improvements of the gain, reaching
and even surpassing the performance of the reference pulse. The method
also shows the highest average gain of all methods when evaluated with RB,
which is only just below the reference pulse. Upon evaluation with QPT the
optimized pulses on average outperform the ones achieved when being
optimized via QPT itself.

Like the optimization with RLGST, the longer circuit lengths allows to
better capture the main error contributions and optimize the pulse shape
more precisely, leading to a robust gate-set at all evaluated circuit depths.
Still, we observe a large variance between the different optimizations for the
QPT evaluation. Again, the most plausible answer is that QPT is dominated
by coherent errors in the form of over- or under-rotations, since incoherent
errors only have a small influence on the FoM due to the short circuit length.
As coherent errors are, to an extend, suppressed by twirling in RB™***
which partially translates to ORBIT, not every optimized pulse necessarily
leads to a gate-set outperforming the reference pulse or the optimization
with QPT itself. Additional measurements underlining this statement can be
found in the supplementary information in sec. VIL

Circuit length dependence

The methods RLGST and ORBIT allow to easily probe how the system’s
dynamics at different time-scales affect the FoM by varying the selected
circuit length. For this reason, we first examine how our defined FoMs for
RLGST and ORBIT are affected by a linear change of the pulse amplitude for
different L. The circuit length differs for the two methods: for RLGST it
indicates the number of applied gates from the gate-set Eq. (1), while for
ORBIT it stands for the number of applied Clifford gates. On average, one
Clifford gate consists of 1.8 gates from our gate-set Eq. (1) and thus we
choose the gate-string length of RLGST to match the average number of
gates in ORBIT. Again we average over 300 random gate-strings per
method. The measurement results are shown in Fig. 4a for RLGST and in
Fig. 4b for ORBIT. We observe a shift of the minimum FoM, i.e., the best
performing pulse amplitude, to larger amplitudes for increasing circuit
length for both methods. This correlation can be explained by the strong
beating observed in the Rabi experiment in Fig. 1a. Hopping from peak to
peak of the Rabi oscillation is analogous to the application of a series of
n-pulses on the system. If the 7z-pulse has a fixed pulse length, the amplitude
of the pulse must be increased for subsequent applications to compensate for
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Fig. 5 | Influence of the circuit length on the optimization results. a Optimization
runs with RLGST for four different circuit lengths L = 5,9, 18, 27, represented by the
four bars. The ordinate shows the gain achieved per optimization for the different
evaluation methods displayed in the abscissa as an average of 20 measurements and
the error bars denote the corresponding uncertainty. L,,,, indicates the selected

circuit length for the evaluation with RLGST and ORBIT. b Correlation matrix of the

RLGST optimizations. The color-scale denotes the correlation between the different
methods, i.e., if we observe the same dependence of the achieved gain on the circuit
length. ¢ Gain of the optimization runs for different circuit lengths with ORBIT.

d Correlation matrix of the ORBIT optimizations. Again, the color-scale shows the
correlation between the different methods.

the shift in the Rabi frequency caused by the beating. Thus, to find the best
performing pulse for increasing number of repeated applications, aka. L,
the amplitude, in the form of a voltage in our case, needs to be adjusted
upwards.

For ORBIT, the FoM gets worse (increases) with increasing circuit
length as errors accumulate. This is expected as ORBIT evaluates the gate-
set’s performance at a fixed circuit length of the full RB curve, which exhibits
an exponential decay with L. Therefore, increasing L samples the RB curve at
a point of lower survival probability corresponding to a higher FoM per our
definition. For RLGST we observe the exact opposite behavior, where an
increased circuit length leads to alower FoM. The FoM of RLGST in Eq. (14)
in the Methods is based on the estimated error matrices for the initial state,
POVM and the full gate-set, which are only accurate within the linear
assumption”. Beyond this regime, the prediction error diverges”” and the
FoM decreases as the error matrices are under-estimated. Nonetheless, the
argument of suitability of the FoM for our closed-loop QOC experiments
holds due to the distinct minimum and the irrelevance of its absolute value
as long as it guides the optimizer to a better solution. Importantly, both

FoMs agree on the optimal amplitude for comparable L (minima of the
curves with the same color code).

Optimizations with varying circuit length

Next, we investigate how a change of the circuit length affects the optimi-
zation result. A change in the circuit length can lead to a significant change in
how different errors are weighted in the FoMs, e.g., the contribution of
incoherent errors can be potentially increased through an increase of the
circuit length. For example, L could be chosen such that it matches the
intended circuit length of a desired experiment and thus might be tuned to
give the best optimized gates for the given application. We therefore repeat
the optimizations for RLGST and ORBIT once for different circuit lengths L.
The results are shown in Fig. 5a for RLGST and Fig. 5¢ for ORBIT. We again
choose the circuit length of RLGST such that it matches the average number
of Clifford gates of ORBIT. For better readability we only display the average
number of gates for ORBIT in Fig. 5c. The abscissa shows the chosen
evaluation method, e.g, RLGST with a circuit length of Ley, =18, the
ordinate shows the achieved gain. The four bars per evaluation method
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represent the individual optimizations for a chosen circuit length. We omit
the evaluation with L,y =5 for RLGST as the difference between the
reference pulse and the guess pulse is within our measurement error and we
are therefore not able to calculate the corresponding gain. Since we only
perform one optimization per method and L, we cannot exclude the
possibility that some optimizations under- or over-performed due to the
probabilistic nature of the optimization (caused by the measurement noise
and the optimization algorithm). However, because of the small variance
between different runs in Fig. 3, no significant change between repeated
optimizations for the same Loy is expected.

For both optimization methods, the overall achieved gain evaluated by
ORBIT increases with increasing gate-string length Le,,;. As the guess pulse
is significantly longer than the reference pulse, the difference in their FoMs
increases with the circuit length due to, inter alia, incoherent errors in the
form of decoherence. This increases the distance between the FoMs of the
reference and guess pulse. If the optimized pulse can compensate for this
decoherence we observe an overall higher gain with increasing L, for the
evaluation with ORBIT.

Figure 5b, d show the correlation matrices for the optimizations with
different circuit lengths presented in Fig. 5a, ¢ for RLGST and ORBIT,
respectively. The correlation, described in the Methods “Correlation
Matrix”, looks at the behavior between the gains of different optimized
pulses and compares it to other evaluation methods. E.g., if we observe that
an increase of the circuit length leads to an increase of the gain when
evaluated with ORBIT at L = 27, a high correlation with RB tells us that the
method shows the same tendency.

When optimizing the gate-set via RLGST, we observe a high correla-
tion between all evaluation methods except for the evaluation with RLGST
at Leya = 9, as shown by the correlation matrix in Fig. 5b. An increase of the
circuit length L, leads to an increase of the achieved gain. At large Loy
small errors accumulate and cause a stronger change of the FoM, leading to a
more precise and overall better optimization. This is also reflected by the
absolute value of the gain, which for large L+ almost always exceeds 1, when
evaluated with RLGST, G and QPT. For RLGST at Ly, =9 the gain even
exceeds a value of 2, when optimized with the same circuit length. As the
evaluation at this circuit length poorly correlates with all other evaluations, it
can be assumed that the system exhibits certain dynamics exclusive to this
time-scale and chosen measure.

The optimization with ORBIT at different circuit lengths shows again a
high correlation between QPT, RB and the different ORBIT evaluations.
The correlation matrix for ORBIT is shown in Fig. 5d. When evaluating the
pulse with RLGST, we observe an increase of the correlation with ORBIT
and RB for increasing Ley,). For Ley, = 27, the observed dependence of the
gain on the circuit length correlates very well with that of ORBIT. At large
circuit lengths, the FoM’s of RLGST and ORBIT are dominated by the same
dynamics and thus converge to similar solutions, i.e., similar performing
gate-sets. We observe again, that an increase of L, leads to a higher gain.
Through the high correlation between the methods we can conclude that the
optimization with ORBIT at Ly, = 27 significantly under-performed and a
higher gain is expected for repeated optimizations. Although showing high
gains significantly exceeding 1, the evaluation with G shows the smallest
correlation with the other methods. Different circuit lengths during the
optimization with ORBIT have thus no significant effect on the gain
observed in G.

Evidently, it is favorable to perform optimizations with RLGST and
ORBIT at higher L. Apart from incoherent errors, a longer circuit length
also allows for a higher precision when focusing on coherent errors pre-
valent at short time-scales. In our case, it does therefore provide no
advantage to adapt Loy, to a desired experiment with, e.g., length Ley,;, but it
is simply better to choose the longest possible circuit length. Although this
may seem surprising at first, it can be attributed to the ensemble nature of
our system as we measure the collective fluorescence signal from all con-
tributing individual N-V centers. The inhomogeneity of the microwave
control field and external magnetic field heavily contribute to the observed
dephasing (incoherent error) and apparent non-Markovianity in the Rabi

measurement shown in Fig. 1a. Therefore, a pulse more robust to detuning
and amplitude errors (coherent errors) can improve the performance for
short and long sequences at the same time.

Discussion

Based on our detailed investigation, we can now discuss to what extent the
individual methods are suitable for closed-loop optimizations with spin
ensembles treated as one effective qubit or with qubits in general. We would
like to emphasize that all methods have evidently been able to improve the
performance of our gate-set.

Out of all investigated methods LGST achieves the lowest gains.
Measurement errors dominate the provided estimates and therefore the
calculated FoMs. More advance methods like long-sequence GST might
help to overcome these shortcomings®. As a result, the optimizer sees no
clear change for pulses that perform differently well, leading to an overall
low optimization gain. If the FoM is calculated using solely the expectation
values of LGST, i.e., G, significantly larger gains can be achieved. Since
optimizations via G maximize the overlap of the predefined expectation
values to their target and allow to simply add additional gates to the gate-set,
the method is particularly suitable if the gate-set is to be optimized for
specific applications of the gates to arbitrary basis states. The method is
heavily biased towards optimizing for its specific measurement sequence
and the associated average circuit length.

QPT, unlike all the other methods, does not take SPAM errors into
account. For larger SPAM errors, the correlation to other methods is
expected to diminish as does its utility. Such is the case for our system, where
an optimization based on QPT never beats the gate-set with the reference
pulse. The optimization process is furthermore limited to one single gate ata
time. While the optimization of an entire gate-set might be possible through
iterative optimizations, the other methods offer a much better and clearer
approach. Despite this, our FoM based on QPT is able to optimize the gate-
set such that it shows improvements compared to the guess pulse for all
investigated methods. Among all methods, QPT requires the fewest mea-
surements, which can be beneficial when working with systems with low
signal-to-noise ratio.

The overall best results are achieved by ORBIT. Not only does ORBIT
show universally high gains across all methods, but the optimized gate-sets
also outperform those of other optimization methods when evaluated with
their own FoM, regardless of their time-scale. Although the method is
mainly sensitive to incoherent errors, it also allows to correct those coherent
errors that dominate the FoM for the other methods. As shown in the
previous section, long circuit lengths are recommended for the optimization
as errors accumulate, leading to larger changes in the defined FoM and
therefore a more precise optimization. Too large L are not favorable, though,
since information gets lost in noise and accumulated errors. When
increasing the circuit length, we expect to find a sweet spot for the opti-
mization where such dynamics are captured and weighed optimally. In our
case we are limited by the fluence (see supplementary information) and
therefore heating induced by long circuits.

One downside of ORBIT is that randomized benchmarking usually
requires the use of Clifford gates which are generated by the over-full gate-
set, Eq. (1). Additional gates that are to be optimized cannot simply be
appended to the gate-set but need to be interleaved into the Clifford gates if
possible.

This problem can largely be circumvented by the optimization via
RLGST. Additional gates can simply be added to the gate-set. Optimizations
via RLGST achieve similar high gains to ORBIT across all methods, i.e., are
able to create a universally well-performing gate-set. Analogous to ORBIT,
large circuit lengths are preferred when working with RLGST. At large
circuit lengths, RLGST evaluates the system dynamics similar to ORBIT
making the method ideal when working with a overfull gate-set as in our
case. We show that the method can be used far beyond its intended linear
(small error) working regime® to define a suitable FoM for closed-loop
experiments. Moreover, while not directly investigated in our work, the
method also allows to work with an incomplete gate-set”’, which can be of
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use for experimental systems with limited control. In addition, the method
provides estimates of the gate-set and states which can be accessed during
the optimization to obtain deeper insights into the system dynamics®.

Nonetheless, as a large degree of our non-Markovian and
incoherent errors originate from coherent dynamics due to the
treatment of our micrometer-sized ensemble as one effective qubit,
the recommendation for RLGST and ORBIT does not necessarily
hold in other cases. For systems of a different nature such as ones
measuring pure single qubits or physically different quantum plat-
forms that have different error contributions, this might change.
Short-circuit methods like QPT, G and LGST could be selected over
RLGST and ORBIT for other systems and shorter sequences in which
the optimized gates are to be used. In general we expect, however,
that RLGST and ORBIT with large L are suited well for applications
that need longer circuit lengths. Further experiments that allow to
strictly distinguish between coherent and incoherent errors® or even
allow to, e.g., turn coherent errors into stochastic noise’”* would be of
high interest to characterize the optimizations further or even opti-
mize the gate-set with them.

In conclusion, through the definition of our FoMs based on
RLGST and ORBIT we are able to create a gate-set that performs
universally well across all investigated evaluation methods, regardless
of their time-scale given by their circuit lengths and regardless of the
different weighting of errors. We provide a detailed comparison of
several gate and gate-set analysis methods and how these can be
applied in a closed-loop QOC experiment, tested with a macroscopic
ensemble of N-V centers. Since the occurring types of error are not
exclusive to our system but exist in a wide variety of systems, our
work can act as a useful handbook for experimentalists trying to
overcome similar problems via QOC. The methods and the corre-
sponding FoMs that work well for our system are expected to per-
form similar for other systems with comparable dynamics®*’~*" and
could also be applicable to systems with significantly smaller
errors’ ™.

Methods
Definitions of the figures of merit
In addition to our gate-set Eq. (1), we define the SPAM-set to be

f:{FOaFlvaFS}

4)
= {G07 G17 G3a GS} .
Starting with QPT, we measure the expectation values
b= ((EIF;G,Fjlp)) (5)

for F;; € 7 to evaluate the performance of G, along all axes and
reconstruct the final states |0), | — 1), |[4+) = 1/+4/2(|0) + | — 1)) and
|—) = 1/4/2(|0) + i] — 1)) after application of the gate. Finally, we
calculate the process matrix y according to*”*, which defines the full
linear map of our gate G,. The FoM is then defined as the Frobenius
norm of the distance between the measured and the target process
matrix yr for the perfect gate:

FoMgur = /(¢ —xt) (x~ 10)) - ©

In contrast to QPT, quantum gate-set tomography**™* takes SPAM
errors directly into account by measuring the expectation values of Eq. (5)
forall G, € G:

Following refs. 65,66, assuming a perfect idle gate 1 leads to the estimates

Gy =G, Gy,
o)) = Gy ' I3)) (8)
E)) = |E)).

using the inverse Gram matrix G, " to redistribute the errors to all other
gates. As the expectation values (7) are gauge invariant, the estimates (8)
need to be gauge-corrected. Following the derivations provided in refs. 65,66,
we then obtain the gauge-transformed LGST estimates G;; [p*)) and IE*>).
Usually, a maximum likelihood estimation (MLE) is used next to f}r}kd the
closest physically correct version of the obtained estimates, i.e., a G, that
corresponds to a CPTP map. However, such an MLE is computationally
demanding, making it unsuitable for our closed-loop QOC experiments.
We therefore use the estimates provided by LGST to evaluate the
performance of our gates Gy, through the difference to their target Tj:

K+1

ZU((GZ - Tk>T(G,t - Tk)) ©)

k=1

FoM,gsr =

with G*K = |[)*))((E*|. We sum up the squared norms for each gate
difference similar to the sum of squared residuals in the least-squares
method”. Additionally, we define another FoM

K

FoMg = Ztr((ék - Tk)T(Gk - Tk)) '

k=1

(10)

based on the matrices G, of Eq. (7) filled with the measured expectation
values and their difference to the corresponding target values T,. While not
providing an estimate, these expectation values are gauge invariant by
definition.

Another method which takes SPAM errors into account is randomized
benchmarking””". Randomized benchmarking uses Clifford gates, which
are composed of gates from our gate-set Eq. (1)%, to create multiple random
circuits of length L, where the final gate flips the spin back to its initial state.
The average recovered population, the so-called survival probability p,,
decays exponentially with the number of applied Clifford gates® and the
average error per gate can be extracted from the decay parameter. ORBIT
then allows to optimize the fidelity of the applied gates by increasing the
survival probability at an arbitrary gate-string length L,,,". Therefore, we
define the corresponding FoM for our closed-loop QOC experiments with
ORBIT by

I:ONIORBIT =1- Ps(Lopt) . (11)

RLGST? combines the idea of gate-set tomography and randomized
circuits to obtain an estimate of the gate-set with little computational
overhead within a linear approximation. We start by measuring the
expectation values

p; = (EICIp)) (12)
for N randomly chosen circuits C; of length L with i = 1... N. Following the
calculations provided in ref. 67, the expectation values of Eq. (12) are then
used to obtain an estimate for the error matrices ej which describe how the
measurement deviates from the expected target:

Ge=(l+¢)- Ty

HEGE) ) = (1 +e)-lpr)), (13)
Py = TSP @) 1)) = (14 ¢5) - 1Ep))
= (Gk)ij~
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Since we only vary a single gate during our optimizations, we expect to be
reasonably close to the actual gauge for the estimates and defining the FoM
for RLGST equivalent to Eq. (9) we obtain

— i
FoMp st = Z tr (ej ej) . (14)
j
Correlation matrix
The correlation matrices are calculated according to ref. 96 via
1 ry r3 ... i
ry 1 1y L T2
M= | ™ T L €7 (15)
Tt Tpa Tp3 1

with the correlation coefficient

>im1 <xij - xj) (xik - ’?k)
T = > (16)
i (xij - 5‘;‘) S (o — %)’

where the bar indicates the average over the indexed column of the data
matrix

X X X1p
X Xy X2p

X = 17)
Xn1 Xn2 xnp

The rows (1) of X are the four optimizations with varying L, i.e., the
four pulses that are compared, and the columns (p) describe the different
evaluation methods used.

dCRAB algorithm and settings

The dCRAB method expands updates to the amplitudes in a randomly
selected sub-set of functions sampled from a “chopped” basis. We use the
Fourier basis

NSI Nb

a(t) =gt) + Z Z c{"i sin <I/it> + c;i cos (V{t>7

=1 i=1

(18)

where g(t) is the provided guess. The frequencies v/ for the update pulses are
randomly selected from the interval [0, 22| where we choose 7 =4 as the
maximum allowed number of oscillations of the pulse envelope over the
course of the pulse duration T. Several super-iterations (SI) with newly
randomized basis vectors restart the search process by adding new search
directions to avoid getting trapped in local minima. They are added to the
best pulse shape of the previous SI. In our case we perform Ng; = 3 super-
iterations. We use the Nelder-Mead search method for the expansion
parameters and select two basis vectors (N, =2) per pulse per super-
iteration for the basis expansion. In this way, the search parameters for the
optimization can be kept to a minimum, to ensure a quick convergence. Ifa
potential improvement of the FoM does not exceed the measurement error,
QuOCS will re-evaluate the evaluation step up to three times to ensure an
accurate interpretation of the parameter landscape™. We determine the
standard deviation by measuring the FoM for the guess pulse 100 times. A

Perform the
actual measurement

Determine the
decoherence level

Analysis Method,

Rabi - g RIGST |
2 1.0004 T
> Measure the
£ 0.9754 m, =0 level
8 0.950
c
[0]
2 0.9254
o
S 0.900-
[T

T T ™7 AT T 7 A1 T T
3 300 600 1 10 20 1 150 300
Time (ns) Laser pulses Randomized Circuits
Fig. 6 | Measurement sequence. The measurement sequence for any experiment
consists of three parts: a Rabi measurement to determine the decoherence level, a
measurement of the |0)) fluorescence level and the actual measurement sequence,

e.g., RLGST, which is then converted to expectation values by the previously
obtained fluorescence levels.

super-iteration stops, if the improvement of the FoM within the last 200
evaluation steps does not exceed the standard deviation. To account for
experimental drifts in the FoM, the current best pulse is re-measured
every 30 min.

Data normalization and measurement sequence

For any performed experiment, the measurement sequence consists of three
parts which are measured simultaneously, as depicted in Fig. 6. We start
with a Rabi measurement at maximum amplitude for 600 ns to determine
the decoherence level of our system and afterwards measure a series of 20
laser pulses to obtain the fluorescence level of the |0)) state. Those levels are
used to convert the fluorescence signal of the selected analysis method, to
expectation values. Possible changes of the measurement contrast, through,
e.g., laser power fluctuations, are thus taken into account by adjusting the
measured expectation values such that 0 and 1 still correspond to the
minimum and maximum achievable fluorescence.

Data availability
The data presented in this study is available from the corresponding authors
on reasonable request.
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